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CONTOUR INVARIANTS IN THE THEORY OF FRACTURE OF THERMOELASTIC BODIES’

V.N. NIKOLAEVSKII

Conditions of crack growth in a medium described by the equations of coupled thermo-
elasticity are studied. Two integrals are written for the contour enclosing the
stationary field near the crack tip. The first of these integrals corresponds to
the free energy balance and includes the mechanical work. 1In the limiting cases of
the rapid and slow (in thermal sense) cracks it becomes the known J-invariant from
which thermal fluxes are excluded. The second integral is formulated as the entropy
(heat) flux balance.

The Gibbs thermodynamic relation for a disintegrating body and expression for free energy
/1/ together yield the relation connecting the variations in independent parameters .J, T and
A(l is the crack length, T is body temperature and A is the displacement caused by the ex-
ternal load P). We can also cbtain the expressions for the thermodynamic forces
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given in terms of the free energy ®, of the body with a crack. Here § is the total entropy
of the body and ¢y (7) is the effective surface energy. The crack in the body grows, if the
Irwin force G reaches a critical value depending on the temperature. Such an analysis how-
ever is insufficient in a typical situation of nonuniform distribution of the temperature
throughout the body.

1. We consider the quasi-equilibrium processes in a thermoelastic body described by the
energy balance and the mechanical equilibrium equations
de Oy ; 0qi aci]. . 1 ( Ou, Ou ) (1.1)
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Here e is the specific internal energy, o;; are the stresses, ¢; the deformations and ¢;
denote the heat fluxes. If the crack in the body grows at the rate [, (plane problem) then
introduction of the associated moving coordinate system y, = xy — [,'t is expedient. Then, in-
tegration of the first equation of (1.1) over the area Spgo bounded by two consecutive con-
tours T,, Iy about the crack tip leads, in the absence of the mass, impulse and energy flows
across its edge, lead to the equation

ou,
S ®;n;dl = S %;n;dl, x;=al,,'6,,j~oi,-a—yllk' —q; (1.2}
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provided that the fields of the variables in question are stationary within Spe. The integ-
rals (1.2) are invariants, and this means that the total energy fluxes through any contour Ty
are equal to each other., If no energy enters the body through the crack tip and the fracture
point is referred to the body, then the following condition holds for any contour Ty /2/:

{ %;n;ar =0
g
Let us now consider the difference /2/ between the energy of a particle lying inside the
body (e = &) and a particle on the fracture surface (g = g,), We have

§ %n;dr = § 1y (e, —€) 8y5n; AT =2 (T) &y (1.3)
s Tg

Indeed, the particles with energy g, form a thin layer (—ae < w < @) along the crack edge,
and the right>hand side of the balance (1.3) is transformed as follows:
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(7= J; [e(D)] = & — &)

Here ¥ (T) denotes the excess energy corresponding to the point of intersection of the con-
tour g with the crack surface. When Tg # Ta, the contour integral (1.4) is reduced not to
a constant, but to a function of Ty along the crack.

2. To analyze the characteristic temperature field we use the heat flux equation, i.e.
the entropy balance $§ representing a function which can only grow locally

as Oh; _% S %l o (4
==t A= M= ,h( ) (2.1)
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Here h; denotes the flux, and II the work done by entropy. In the steady moving region Sp.a
the equation (2.1) simplifies to

z,,ak,———--ar+n (2.2)

and its integration over Sp, yields an equation which shows that the integral over the con-
tour I is not, in general, an invariant quantity for the entropy fluxes. It is only when
{ mas=0 (2.3)
Spa
that the above equation reduces to condition of invariance

L
§ bus —hynydr = — \mas=—2-2v,(Ta) (2.4)
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(the value of the constant is obtained from the entropy balance for the region Sq within the
contour I'q which includes the fracture point). Here we assume that the entropy increases near
the crack tip, the instance caused by dissipation of energy on irreversible deformations (the
body is nearly elastic /2/). Introduction of the effective surface energy v, (7s) implies that
the plastic Irwin-Orowan particle is autonomous at the crack tip. The quantity Ty denotes
the temperature averaged over the area. If condition (2.3) does not hold, then the contour
integrals must be formulated for the velocity fields and for amounts of work done /3/. Let

us further take into account the difference in entropy of the particles within the body and at
its surface. Then we have
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[S(T)]=S°(T)—SG(T).

3. Following /4/, we make use of the transformation
ey — TSy = f, — (Ty — T) 8py 8fp = 0yydey; — sdT (3.1)
and write the free energy f,=¢,— Ts, in the form of a series

of, a%f
folTov i) = o (T ) — 02 + -0t (52).

where the last term is taken at [, =T-—128,0 =T — T3, 0 { 1. Since

B $--(3

Sy =" ZFF » T, T2 )
eguation (3.1) becomes
T LS e
— Tos, =14 (To, ;5 _TT.'B (3.2)

Next we multiply the balance of the entropy fluxes (2.5) by the reference temperature 7,

and subtract the result from the energy balance (1.3). Further, using the relation (3.2), we
obtain
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In the isothermal case (I' = T,) the integral (3,3) transforms directly into the known J-in-
variant /1,5/ which does not contain the heat fluxes ¢;. The Ericksen representation (3.2}
can be used to transform the right-hand side of (3.3}

Ve (Tp) — 3—'& vo(Te) =a({e] — To[s]) = a [ (To)] — (3.4)
a | B a 2]
T—T';‘“TQ—= i (To) — - L':;.:']-'“TE——Y (Tp)

Here 7%, denotes the Griffith surface energy which is a function of the temperature I3 of the
surface layer, determined by two material constants, v (Ty) and b = alc*[/T,.

4. In the linear approximation the free energy fe» entropy s, and rheological couplings
in the thermoelastic body /6/ have the form

. c, 02 ¢, 92 8
To(T, erjy ="/ (hevie;; + 2peisers) — 3Knbe — %~ = (To, &5) — 3K — L ——, s, =3Kme+ co~pmr (a1
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where A, p are the Lamé coefficients, n is the thermoelastic expansion coefficient and k = xe,
is the heat conductivity coefficient. In this case the integral (3.3) for the free energy as-
sumes a simpler form

N du, [} 2% 99\
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The contour integral (4.2) replaces the relations which were used in the actual computations
/7/ and included a surface integral over Si (e.g. of the product of volume deformation and
the temperature gradient /8/). The second contour integral (for the entropy) is necessary for
determining which part of mechanical work expended on fracture is converted into heat. Let {
be the effective amount of heat generated when the length of the crack is increased by one
unit of measurement. Then

| {0 (8 + 5~ 5 )—SKnTneﬁh}n dT +Q=0 (4.3)
Ty
Q == 274 (8a) — 2vs{Bp)

The problem of a crack in a thermoelastic body was solved in /6/ usung the method of asymptotic
expansion, and it was assumed that all mechanical work done on fracture G is converted into
heat. The quantity G was found as the value of the J-integral /1.5/ after substituting into
it the free energy f,(T,ey) at T % T,

Let us consider in this connection the conditions of existence of the J-integral which
does not contain the heat fluxes and is therefore invariant with respect to the rate of crack
growth. The very first conditions are those of adiabaticity within the countour T, i.e.

* 38 % a6 8 8
TorT \"Eig't~'7,z_~<1’ WL S

which hold for the "rapid" (in the thermal sense) cracks, Here L is the linear dimension of
the region Sg.- In this case the integral (4.3) assumes the form

§ Tosyb1m;dT + Q=0 (4.4)
Ts
and the following transformations can be carried out in the integrand of (4.2):
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c, 9 du,
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Toso — 01— 113 = Uy — TS, — 0i5 5= 15

dU, = oyde;;, dejy= de;), q; = 0

Therefore the integral (4.2) definitely transforms into the known J-invariant
bu,
J=§ (U.G;;—o,—,-aT:) n; AT =2y4, vq="a(Tp) ¥+ 74 (Ta) (4.5)
[}

Conversely, for the "slow" cracks we have the estimate

% | 98 % % 80 0k
o |w |~ T > Fa> 7 >3KnTe
and this enables us to reduce the integral (4.3) to the form
il Q.
Sa—”jn,drj-Tz_o (4.6)
Ty

which corresponds only to the conduction heat fluxes fram a point heat source moving with the
crack tip. 1In this isothermal situation of the crack growth the integral (4.2) assumes the
form

du
‘S {fp (To, €15) 815 — 04 'aT:} n; AT =2y, yr="0(T0)} + Y« (To) (4.7)
B

As was expected, the work done on fracture in the adiabatic and isothermal case is, generally
speaking, different in each case (y, % V7).
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